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Test particle motion in modified gravity theories
Mahmood Roshan
School of Physics, Institute for Research in Fundamental Sciences (IPM), P. O. Box 19395-5531, Tehran, Iran
We derive the equations of motion of an electrically neutral test particle for modified gravity
theories for which the covariant divergence of the ordinary matter energy-momentum tensor does
not vanish (i.e. ∇µT
µν 6= 0 ). In fact, we generalize the Mathisson-Papapetrou equations by deriving
a general form for the equations of motion of a test particle. Furthermore, using the generalized
Mathisson-Papapetrou equations, we investigate the equations of motion of a pole-dipole (spinning)
particle in the context of Modified Gravity (MOG).
I. INTRODUCTION
Deriving the equations of motion of a test particle from
field equations of general relativity has a long history, see,
for example, the account in [1]. It is now well established
in the literature that the equations of motion need not
to be postulated separately, but can be derived from the
field equations of general relativity. More precisely, the
conservation of the ordinary matter energy-momentum
tensor, i.e. ∇µT µν = 0, is enough to find the geodesic
equation and also the equations of motion of a spinning
test particle (pole-dipole particle). In general relativity,
a pole-dipole particle is described by the four-momentum
and the tensor of spin, and the dynamics is governed by
the Mathisson-Papapetrou equations [2, 3]. Combining
these equations with a proper supplementary condition,
one gets a self-consistent set of equations for describing
the motion of a pole-dipole particle in a given space-time,
for example see [4–8]. The case in which both gravita-
tional and electromagnetic fields are present and the par-
ticle is charged was studied by Dixon and Souriau [9, 10].
The equations of motion of a charged spinning test par-
ticle are known as Dixon-Souriau equations. For some
solutions of the Dixon-Souriau equations in the specific
backgrounds, see [11–13].
The multipole approximation method of [2, 3] has been
used to investigate the motion of a test particle in the
context of some modified gravity theories, for example
see [14–16]. In this paper, using the multipole method,
we derive the equations of motion of a pole-dipole test
particle in modified gravity theories in which the covari-
ant divergence of the ordinary matter energy-momentum
tensor is given by ∇µT µν = Aν , where the nonminimal
coupling term Aν is an arbitrary covariant vector, and
in each modified gravity theory this vector can be de-
termined exactly when the particular way by which the
gravitational fields of the theory couple with the ordinary
matter is specified. It is obvious that Aν leads to a mod-
ification of the equation of motion of the test particle. In
fact, we generalize the Mathisson-Papapetrou equations
in such a way that they can be used in any torsionless
non-metric theory of gravity. With metric theories of
gravity we mean theories which postulate that (i) space-
time is endowed with a metric gµν (ii) the world lines of
single-pole particles are geodesics of that metric, and (iii)
in the freely falling frames, the non-gravitational laws of
physics are those of special relativity [18]. It should be
noted that, in metric theories of gravity, the ordinary
matter energy-momentum tensor is conserved, the non-
metricity Qµνλ = −∇µgνλ is zero, and consequently the
single-pole particles motion is described by the geodesic
equation and the pole-dipole particles motion is governed
by the Mathisson-Papapetrou equations. Furthermore,
we make use of the generalized Mathisson-Papapetrou
equations in order to investigate the test particle equa-
tions of motion in Modified Gravity (MOG) [19]. In ad-
dition, we derive some conserved quantities for the test
particle motion.
II. ENERGY-MOMENTUM CONSERVATION
Let us study the test particle motion in a modified
gravity theory without torsion in which the usual con-
servation law of the ordinary matter energy-momentum
tensor is replaced by
∇µT µλ = Aλ (1)
We know that modified gravity theories which yield to
such an identity for the energy-momentum tensor, would
violate the Einstein equivalence principle. In fact, one
can show that the covariant divergence of the energy-
momentum tensor is zero if the gravitational fields (such
as scalar fields or vector fields) of the theory do not in-
teract directly with the matter. In the presence of the
test particle, the components of the metric tensor are
gˆµλ = gµλ + δgµλ, where gµλ is the background metric
and δgµλ is the metric perturbation caused by the test
particle, and it is supposed to be small. Also, let the
energy-momentum tensor be Tˆ µλ = T µλ + δT µλ and the
nonminimal coupling term be Aˆλ = Aλ+ δAλ, where the
tensor δT µλ describes the material distribution inside the
test particle and δAλ stands for the test particle’s contri-
bution to the coupling term. If we assume that the test
particle’s trajectory is outside the massive bodies then
the background energy-momentum tensor T µλ vanishes
inside as well as near the test particle. Thus, using the
identity (1) we get
∇µτµλ = δfλ (2)
where τµλ =
√−g δT µλ and δfλ = √−g δAλ. As we
mentioned before, the use of (2) alone is sufficient to de-
2rive the equations of motion of the test particle, and we
do not need the filed equations of the theory. In the fol-
lowing sections by using this equation we derive the gen-
eralized version of the geodesic equation. Furthermore,
we find the generalized Mathisson-Papapetrou equations
for describing a spinning test particle.
III. THE SINGLE-POLE PARTICLE
In this section, we derive the equations of motion for
a single-pole test body. Our analysis is based on the
integration of the conservation law (2) over the world
tube of the test body. This procedure is independent of
a specific choice of energy-momentum tensor for the test
particle. In fact, in the four-dimensional diagram the
interior of the particle can be considered as a tube-like
region (world tube) contained in the 3-dimensional time-
like hypersurface Σ(t). A representative continuous curve
through the tube is parametrized by Xλ(t). Coordinates
within the word tube with respect to a coordinate system
centered on Xλ(t) are labeled by xλ, see [3] for details.
Equation (2) can be rewritten as
∂µτ
µλ(x) + Γλµα(x)τ
µα(x) = δfλ(x) (3)
where Γλµα(x) are the Christoffel symbols corresponding
to the background metric gµν . Since gµν changes very
little inside the test particle, the Christoffel symbols can
be developed in Taylor series around the point Xλ(t)
Γλµα(x) = Γ
λ
µα(X) + δx
σ∂σΓ
λ
µα(X) + ... (4)
where δxσ = xσ −Xσ. The single-pole particle has the
simplest internal structure and its dipole as well as higher
multipole moments are zero
∫
Σ
δxστµλd3x = 0,
∫
Σ
δxσδxατµλd3x = 0, ... (5)
Note that the integrals are taken over the 3-dimensional
hyperspace Σ(t) which denotes the interior of the test
particle at time t. Substituting (4) into (3) and taking
into account that we are considering a single-pole parti-
cle, we get
∂µτ
µλ(x) + Γλµα(X)τ
µα(x) = δfλ(x) (6)
Integrating this equation over the hypersurface Σ and
taking into account that τµν are zero outside Σ, we find
d
dt
∫
τλ0d3x+ Γλµα(X)
∫
τµαd3x =
∫
δfλd3x (7)
On the other hand, multiplication of equation (6) by xν
yields
τνλ = ∂µ(x
ντµλ) + xνΓλµα(X)τ
µα − xνδfλ (8)
Integrating this equation over Σ, we derive∫
τνλd3x =
d
dt
∫
xντλ0d3x+Γλµα(X)
∫
xντµαd3x
−
∫
xνδfλd3x
(9)
Furthermore, using the requirements (5), we can write
∫
xντλ0d3x = Xν(t)
∫
τλ0d3x
∫
xντµαd3x = Xν(t)
∫
τµαd3x
∫
xνδfλd3x = Xν(t)
∫
δfλd3x
(10)
Substituting these equations into (9) and using equation
(7), one gets
∫
τνλd3x =
dXν
dt
∫
τλ0d3x (11)
With the help of the λ = 0 component, we rewrite (11)
as follows ∫
τνλd3x =
dXν
dt
dXλ
dt
∫
τ00d3x (12)
Combining equations (7) and (12) we find
d
dt
(
dXλ
dt
∫
τ00d3x
)
+Γλµα(X)
dXµ
dt
dXα
dt
∫
τ00d3x
=
∫
δfλd3x
(13)
On the other hand, the line-element of the curve Xλ(t)
is given by ds2 = gµνdX
µdXν . Also, the corresponding
four-velocity is uλ = dX
λ
ds
. Thus equation (13) becomes
d
ds
(muλ) +mΓλµαu
µuα = u0
∫
δfλd3x (14)
where m is defined as follows
m =
1
u0
∫
τ00d3x (15)
Multiplying equation (14) by uλ and taking into account
that uλ∇µuλ = 0, we find
dm
ds
= u0uλ
∫
δfλd3x (16)
In general relativity, the right hand side of this equation
is zero and so m is a constant of the motion. In this
case m is interpreted as the rest-mass of the particle [3].
Substituting (16) into (14) we find
m
(
duλ
ds
+ Γλµαu
µuα
)
= (δλσ − uλuσ)∆σ (17)
3here we introduced ∆σ as
∆σ = u0
∫
δfσd3x (18)
Finally, equation (17) can be brought into a more com-
pact form, namely
m
Duλ
ds
= (δλσ − uλuσ)∆σ (19)
where D
ds
= uµ∇µ is the directional covariant derivative.
Equation (19) is the generalization of the geodesic equa-
tion. As we expect, orbits of single-pole particles are not
the geodesics of the background metric. From (19), one
can immediately read off the additional contribution to
the equations of motion due to the nonzero covariant di-
vergence of the matter energy-momentum tensor. One
can interpret the left-hand side of (19) as an extra force
- ”extra” in comparison to the case ∆σ = 0 - influenc-
ing the test particle motion. Such an extra force due
to the nonminimal coupling term on the right-hand side
of (19) may provide an interpretation for the observed
mass discrepancy in spiral galaxies and clusters of galax-
ies [17, 20], or in the context of the so-called Pioneer
anomaly [21]. For some attempts to construct consis-
tent modified gravity theories that might yield to an ap-
propriate extra force for explaining the aforementioned
problems, see [19, 22] and references therein.
IV. THE POLE-DIPOLE PARTICLE
In this section, we derive the equations of motion of a
pole-dipole particle. The pole-dipole particle is a particle
for which all integrals
∫
δxρ1δxρ2 ...δxρnτµνd3x with more
than one factor δxρ vanish. Remembering that the test
particle is a pole-dipole particle, we substitute equation
(4) into (3) and then integrate over the hypersurface Σ.
The result is
d
dt
∫
τλ0d3x+Γλµα(X)
∫
τµαd3x+
∂σΓ
λ
µα(X)
∫
δxστµαd3x =
∫
δfλd3x
(20)
Also, multiplying equation (3) by xν and integrating over
Σ, it follows that
∫
τνλd3x =
d
dt
∫
δxντλ0d3x+
dXν
dt
∫
τλ0d3x+
Γλµα(X)
∫
δxντµαd3x−
∫
δxνδfλd3x
(21)
Here we have used (20) to simplify (21). Another useful
equation can be obtained by multiplying equation (6) by
xαxβ and integrating over Σ. The result is
dXα
dt
∫
δxβτλ0d3x+
dXβ
dt
∫
δxατλ0d3x =
∫
δxατβλd3x
+
∫
δxβταλd3x
(22)
Equations (20)-(22) contain enough information to de-
scribe the motion of pole-dipole particles. In the follow-
ing, we will bring these equations into more familiar form.
To do so, analogously to [3] we introduce the quantities
Mλαβ , Sαβ and Mαβ as follows
Mλαβ = −u0
∫
δxλταβd3x (23)
Mαβ = u0
∫
ταβd3x (24)
Sαβ = − 1
u0
(Mαβ0 −Mβα0) (25)
where Sαβ is the total angular momentum or macro-
scopic spin of the test particle. Furthermore, one should
note that M0αβ = 0 (because δx0 is zero) and Mα00 =
−u0Sα0. Also, we define the new quantity ∆αβ as follows
∆αβ = u0
∫
δxαδfλd3x (26)
With these definitions the equations (20)-(22) become
d
ds
(
Mλ0
u0
)
+ ΓλµαM
µα − ∂σΓλµαMσµα = ∆λ (27)
Mνλ =
uν
u0
Mλ0 − d
ds
(
Mνλ0
u0
)
−ΓλµαMνµα −∆νλ (28)
u0(Mαβλ +Mβαλ) = uαMβλ0 + uβMαλ0 (29)
Cyclic permutation of the indices in equation (29) and
subtraction of the second from the combination of the
first and the third of the permutations yields
Mαβγ = −1
2
(Sαβuγ + Sαγuβ) +
1
2
uα
u0
(S0βuγ + S0γuβ)
(30)
By setting λ = 0 in equation (28), we find
Mν0 =
uν
u0
M00 − DS
ν0
ds
− Γ0µαMνµα −∆ν0 (31)
If we contract (31) with uν and use the same choice for
the mass as in [3], namely
m =
1
u0
(
Mν0 + Γνγσu
γSσ0
)
uν (32)
4we obtain
m =
1
(u0)2
(
M00 + Γ0µνS
µ0uν
)
+
uρ
u0
DSρ0
ds
−uρ
u0
∆ρ0 (33)
This mass parameter sometimes called the ”kinematical”
or ”monopole” rest mass of the particle [6]. Using equa-
tions (30),(31) and (33) the equation (28) takes the fol-
lowing form
Mνλ =muνuλ +
uν
u0
(
DSλ0
ds
− uλuρ
DSρ0
ds
)
+ ΓλµαS
νµuα
+
1
2
DSνλ
ds
+
d
ds
(
S(ν0uλ)
u0
)
−
(
∆νλ +
uν
u0
∆λ0 +
uνuλ
u0
uρ∆
ρ0
)
(34)
where round brackets in S(ν0uλ) denote symmetrization.
Since Mνλ is symmetric, the antisymmetric part of the
right-hand side of (28) vanishes. Hence one can immedi-
ately verify
uν
u0
DSλ0
ds
− u
λ
u0
DSν0
ds
+
DSν0
ds
= ∆νλ −∆λν+
1
u0
(uν∆λ0 − uλ∆ν0)
(35)
After some elementary calculations, this equation can be
rewritten as
DSνλ
ds
+uνuρ
DSλρ
ds
− uλuρ
DSνρ
ds
= (∆νλ −∆λν)+
uνuρ(∆
λρ −∆ρλ)− uλuρ(∆νρ −∆ρν)
(36)
This equation should be compared to equation (5.3) in
[3]. With the help of (34)-(36), we derive the following
equations which are useful in simplifying (27)
Mν0 = u0[muν + uρ
DSνρ
ds
− Γνγσ
uγ
u0
Sσ0−
uρ(∆
νρ −∆ρν)]
(37)
ΓανλM
νλ = Γανλ
(
muνuλ + uνuρ
DSλρ
ds
)
+ ΓανλΓ
λ
µρS
νµuρ
+ Γανλ
d
ds
(
Sν0uλ
u0
)
− Γανλ(∆νλ + uνuρ(∆λρ −∆ρλ))
(38)
By using equations (37) and (38), we can bring (27) into
its final covariant form
D
ds
(
muν + uρ
DSνρ
ds
)
+
1
2
SµαuσRνασµ =
D
ds
(uρ(∆
νρ −∆ρν)) + ∆ν + u0
∫
∇α(δxαδfν)d3x
(39)
where Rνασµ is the curvature tensor. Also, note that it
is straightforward to show
u0
∫
∇α(δxαδfν)d3x ≃ Γναβ(X)∆αβ (40)
Equation (39) should be compared to equation (5.7) in
[3]. In general relativity, the right-hand side of (39) is
zero [3].
It is important to note that the mass parameter m is
not necessarily a constant of motion. To show this in
more detail, let us define the ”generalized momentum”
pν as follows
pν = muν +
DSνα
ds
uα + 2uρ∆
[ρν] (41)
where square brackets denote antisymmetrization. Using
this equation and taking into account that m = uνp
ν , it
is straightforward to rewrite equations (36) and (39) as
follows
S˙νλ = 2
(
p[νuλ] +∆[νλ]
)
(42)
p˙ν = −1
2
SµαuσRνασµ +
(
∆ν + Γναβ∆
αβ
)
(43)
where the dot denotes the covariant derivative with re-
spect to the proper time, ” ˙ ” = D/ds. The main result
of this section is embodied in the equations (42) and (43).
These equations should be compared to the well-known
Mathisson-Papapetrou equations for pole-dipole test par-
ticles in general relativity. It is obvious that if we assume
that there is no coupling between matter and the gravi-
tational fields, then ∆α and ∆αβ are zero and equations
(42) and (43) recover the Mathisson-Papapetrou equa-
tions.
Using equation (43) one can easily show
m˙ =
(
D
ds
(Sνρuρ) + 2uρ∆
[ρν]
)
u˙ν + uν
(
∆ν + Γναβ∆
αβ
)
(44)
We can also define another mass parameter by M2 =
pαp
α which in general is different from m. The mass
parameter M sometimes called the ”dynamical”, ”total”
or ”effective” rest mass of the test particle [6]. If we
contract (42) with pν p˙λ, we get
M˙ = − p˙λ
Mm
D
ds
(
Sνλpν
)
+
M
m
(
∆ν + Γναβ∆
αβ
)
uν (45)
Thus M is not also necessarily a constant of motion.
It is also necessary to mention that just as in general
relativity, equations (42) and (43) are insufficient to de-
scribe the motion of the pole-dipole particle. In fact, we
have 14 unknown variables (xα, uα and Sαβ) and only
11 equations i.e. (43), (42) and uαuα = 1. Note that
uαuα = 1 is the mere constraint due to the choice of
parametrization of the trajectories. Thus, we need three
more equations to make the model self-consistent.
5Let us recall the origin of this apparent inconsistency.
The above procedure for determining the motion of test
particles consists of choosing a representative point (or
a representative world line Xλ(t)) in the particle and
taking the moments of equation (1) about that point.
However, we have not specified how to choose this repre-
sentative point in the test particle. In the other words,
there is an arbitrary step in the above method, and it is
the choosing of a representative point in the body. Thus,
one can expect that if such a point is not uniquely spec-
ified, the motion of the representative point will not be
fully determined. In general relativity, the proper spec-
ification of such a representative world line yields to a
supplementary condition to Mathisson-Papapetrou equa-
tions which determines the particle’s motion [23]. The
two most widely used supplementary conditions are the
Frenkel condition [24] (for massless particles)
Sαβuβ = 0 (46)
and the Tulczyjew condition [25] (for massive particles)
Sαβpβ = 0 (47)
In general relativity, with the help of equations (44)
and (45) one can immediately verify that m is constant
when the Frenkel condition (46) is assumed, and the mass
parameter M is constant for the Tulczyjew condition
(47). Here, we do not want to derive the correspond-
ing supplementary equations which may yield to constant
parameters m and M in the context of modified gravity
theories. Because this may need the exact form of the
nonminimal coupling term δfν . However, we shall go
into this issue for MOG in the next sections.
V. TEST PARTICLE MOTION IN MOG
In this section, we consider the test particle motion
in MOG, and we make some comments about this the-
ory. MOG is an alternative theory of gravity, and it is
claimed in the literature that this theory can address the
dark matter problem in the spiral galaxies and clusters of
galaxies [19, 26, 27]. More specifically, MOG is a scalar-
tensor-vector gravity theory which postulates, in addition
to the metric tensor, three dynamical scalar gravitational
fields G, µ and ω and also a dynamical massive four-
vector gravitational field φµ, see Appendix A for more
detail. The vector field φµ is coupled universally to mat-
ter. As we mentioned before, such a coupling between
matter and the vector field yields to a nonzero covari-
ant divergence of the ordinary matter energy-momentum
tensor, and consequently this coupling leads to a mod-
ification of the law of gravitation. Here by the law of
gravitation, we mean the gravitational force law between
two point particles in the weak-field approximation of the
given modified gravity theory. We know that general rel-
ativity in the Newtonian limit coincides with Newtonian
gravity, but this is not the case for other gravity theories.
It should be emphasized that, for a modification to the
law of gravitation, it is not necessary to construct a the-
ory with nonminimal coupling terms between matter and
gravitational fields. In fact, it is well-known that mod-
ified gravity theories which yield to a conserved energy-
momentum tensor, can also provide a modification to the
law of gravitation. For example see metric f(R) theory
[28, 29].
In order to investigate the test particle equations of
motion we need the exact form of the conservation law
(1). We have found the conservation law in Appendix A.
The result is (equation (A31))
∇µT µν = B να Jα+∇µ
(
gµαωφ
ν ∂W (φ)
∂φα
− 2ωgνρ ∂W (φ)
∂gµρ
)
(48)
where Bµν = ∇µφν − ∇νφµ, Jα is a ”fifth force” mat-
ter current defined by (A20) and the self-interaction po-
tential W (φ) is given by (A30). As we discussed, the
right-hand side of this equation provides the modifica-
tion of the law of gravitation. It seems that this theory
can provide a wide range of modifications to the law of
gravitation. In the other words, by choosing different
self-interaction potential W (φ) one can introduce differ-
ent modifications. In [19], a special modification has been
postulated (see equation (32) in [19]). This postulation
can be considered as a special choice for W (φ). However,
we show that there is no potential W (φ) corresponding
to the extra force postulated in [19]. In the other words,
we show that the test particle equation of motion pos-
tulated in [19] is not compatible with the field equations
of MOG. Albeit, as we shall discuss, this issue may not
change the main results of MOG.
In this theory, the covariant derivatives of the vector
field φµ do not appear in W (φ). Thus, the most general
form for W (φ) can be given as
W (φ) =
∑
n
cn(φ
αφα)
n (49)
where cn are constant coefficients. For such a potential,
it is straightforward to show that the second term on the
right-hand side of (48) vanishes. Finally, the conserva-
tion law of the ordinary matter energy-momentum tensor
in MOG reads
∇µT µν = B να Jα (50)
Comparing this equation to (1), we get δfν =√−gB να δJα. In the presence of the test particle, the
matter current density is given by Jˆν = Jν + δJν . On
the other hand, since the particle is moving outside of
the massive bodies Jν is zero near and inside of the test
particle. Furthermore, since it is assumed that the mat-
ter current density is conserved (i.e. ∇αJα = 0), one
can immediately infer that ∇αδJα = 0. Consequently it
is straightforward to show that Q =
∫ √−gδJ0d3x is a
time independent quantity. Hence, we may introduce the
6matter current density δJα as follows (see [30])
δJα =
Q√−g
∫
δ4(x−X)dxα (51)
Therefore, it is easy to show that ∆σ is given by
∆σ = q5B
σ
αu
α (52)
where q5 = −Q is the test particle’s fifth force charge.
In this theory, the fifth force charge is assumed to be
proportional to the particle’s massm, such that q5 = κm.
Finally, using equation (19) the equation of motion of the
single-pole particle is given by
mu˙λ = q5B
λ
αu
α (53)
Taking into account equation (16) it is clear that as in
general relativity m is a constant of motion, and can be
considered as the rest mass of the test particle. Equation
of motion (53) is different from what postulated in [19]
(equation (31)). In fact as it is obvious from (53) the
scalar field ω(x), and its derivatives do not appear in the
equation of motion. As we mentioned before the vector
field φµ is coupled to ordinary matter, thus we expect
that the vector field or its derivatives exist in the equa-
tion of motion. On the other hand, there is a coupling be-
tween φµ and ω(x), see equation (A3), and consequently
one may expect that the scalar field ω(x) should appear
in the equation of motion. However, as it is clear from
(53), it is not the case in this theory. Furthermore, one
can easily show that the test particle action governing
the equation of motion (53) is given by
STP = −
∫
(m+ q5φµu
µ)ds (54)
where s is the proper time along the world line of the
test particle. This action is also different from what pos-
tulated in equation (30) of [19].
In [19], it has been assumed that, for the vacuum so-
lution around a spherically symmetric point-like mass,
ω(x) is nearly constant. This assumption is also con-
sistent with the numerical solution of the vacuum field
equations [31]. With this unnecessary assumption, the
postulated equation of motion can be written as
mu˙λ = λωBλαu
α (55)
where λ denotes a coupling constant and its magnitude
can be fixed using the experimental observations. Equa-
tion (55) may still seem different from (53) because of
the presence of constant ω. However, since λ has been
assumed as an arbitrary constant, one can choose it as
λ = −Q
ω
. Consequently, in this case (55) coincides with
(53), and the main result of this theory related to the
dark matter problem will not change.
Now let us consider the spinning particles equations of
motion in MOG. It is straightforward to verify that ∆αβ
is zero in MOG. Therefore, the equations of motion (42)
and (43) can be simplified as follows
S˙νλ = 2p[νuλ] (56)
p˙ν = −1
2
SµαuσRνασµ + q5B
ν
αu
α (57)
where pν = muν + S˙ναuα. Equation (56) is the
same as in general relativity, but there exists the ex-
tra term q5B
ν
αu
α on the right-hand side of (57) rela-
tive to Mathisson-Papapetrou equations. It is obvious
from equations (56) and (57), which describe the mo-
tion of electrically neutral pole-dipole particles in MOG,
that there is a similarity between these equations and
the Dixon-Souriau equations which determine the mo-
tion of charged pole-dipole particles in the presence of
electromagnetic fields in the context of general relativ-
ity. Mathematically, the origin of this similarity lies in
equation (50). In fact, using Einstein-Maxwell equations
one can easily show that the covariant divergence of the
ordinary matter energy-momentum tensor is given by
∇µT µν = F να Jα (58)
where Fµν is the field strength tensor, J
µ =
(ρ, Jx, Jy, Jz) is the current four-vector and ρ is the elec-
tric charge density. The close similarity between equa-
tions (50) and (58) yields to a similarity between equa-
tions of motion of test particles in MOG and Dixon-
Souriau equations. However, one should note that equa-
tions (56) and (57) are not exactly similar to the Dixon-
Souriau equations. In fact, mathematically, they are sim-
ilar to the equations of motion of a charged spinning par-
ticle without magnetic moment, see equation (9) in [13]
.
VI. CONSERVED QUANTITIES
It is well known that the symmetries of the background
space-time may yield to the existence of conserved quan-
tities. For example, in general relativity, for a charged
test particle moving under the influence of electromag-
netic field, if the electromagnetic field satisfies some
consistency conditions, then the space-time symmetries
guarantee the existence of some conserved quantities. In
this section, we consider the conserved quantities related
to the existence of the Killing vectors and the Killing
tensors. We recall that a Killing vector ξµ and a totally
symmetric rank-n Killing tensor Kβ1...βn satisfy
∇α∇βξµ = R λβµα ξλ
∇(αξβ) = 0
(59)
and
∇(αKβ1...βn) = 0 (60)
7Let us first consider the conserved quantities for the mo-
tion of a single-pole particle. The equation of motion is
given by (53). If we assume that the background geom-
etry possesses a Killing vector ξµ, then one can straight-
forwardly show
D
ds
(ξαp
α + q5ξαφ
α) = q5u
µLξφµ (61)
where Lξφµ is the Lie derivative of the vector field φµ
with respect to ξ. Thus the quantity
Qξ = ξαp
α + q5ξαφ
α (62)
is conserved if the vector field φµ is Lie-conserved along
ξ, i.e. Lξφµ = 0. Similarly, one can verify that the
component of the velocity along ξ
uξ = ξαu
α (63)
is conserved if
ξαB
α
β = 0 (64)
This condition can be generalized to quantities nonlin-
ear in velocities if the space-time has appropriate Killing
tensors. LetKβ1...βn be a rank-n Killing tensor satisfying
equation (60). Then it is straightforward to show
Q˙K = −q5
m
Kσ(β1...βn−1Bβn)σu
β1 ...uβn (65)
Thus, QK is conserved if
Kσ(β1...βn−1Bβn)σ = 0 (66)
Since the metric gµν is a rank two Killing tensor satisfying
trivially the condition (66), we find conservation of the
norm of the test particle’s velocity i.e. gµνu
µuν .
Now let us consider the conserved quantities for the
motion of a spinning test particle in MOG. Using equa-
tions (44), (45) and (56), we find
m˙ =
D
ds
(
Sαβuβ
)
u˙α
mMM˙ =
D
ds
(
Sαβpβ
)
p˙α
SS˙ = p[αuβ]Sαβ
(67)
where S is the magnitude of the spin defined by S2 =
1
2SαβS
αβ . Thus, m is a constant of the motion when the
Frenkel condition (46) is assumed and accordingly M is
constant when the Tulczyjew condition (47) is assumed.
Also, the magnitude S of the spin is a constant of the
motion for both supplementary conditions. Furthermore,
if we assume that the background geometry possesses a
killing vector ξ, then using equations (56) and (57) we
get
D
ds
(
ξαp
α + q5ξαφ
α +
1
2
Sαβ∇αξβ
)
= q5u
µLξφµ (68)
Thus for a spinning test particle the quantity
Qξ = ξαp
α + q5ξαφ
α +
1
2
Sαβ∇αξβ (69)
is conserved if the vector field φµ is Lie-conserved along
ξ.
VII. CONCLUSIONS
In this paper, we derived the generalized Mathisson-
Papapetrou equations in the realm of modified gravity
theories allowing a non-minimal coupling between mat-
ter and geometry. In the other words, we derived the
equations of motion of the single-pole and the pole-dipole
(spinning) test particles using the multipole approxima-
tion method. Our results are consistent with the results
already found in the literature. In the second part of
the paper, using the generalized Mathisson-Papapetrou
equations, we analyzed the equations of motion of a pole-
dipole particle in the context of MOG. Furthermore, we
found some conserved quantities for the motion of a test
particle in MOG.
In the context of MOG, our results are different from
the results already found in the literature. In fact, the
equations of motion for the test particle postulated in
MOG [19] are not true, and they should be replaced by
equation (53). However, as we discussed in section V, this
point does not change the main features of this theory
considering the dark matter problem.
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Appendix A: Covariant divergence of T µν in MOG
The action of the theory is given by
S = SGrav + Sφ + Sχ + Sψ + Sω + SM (A1)
where SM is the action for ordinary matter and
SGrav =
1
16pi
∫ √−g d4x f(χ)R (A2)
Sφ = −
∫ √−g d4x ω
(
1
4
BµνBµν + Vφ(φ, gµν , ψ)
)
(A3)
Sχ =
∫ √−g d4x
(
1
2
gµν∇µχ∇νχ− Vχ(χ)
)
(A4)
Sψ =
∫ √−g d4x f(χ)
(
1
2
gµν∇µψ∇νψ − Vψ(ψ)
)
(A5)
Sω =
∫ √−g d4x f(χ)
(
1
2
gµν∇µω∇νω − Vω(ω)
)
(A6)
8where R is the Ricci scalar, Bµν = ∇µφν − ∇νφµ and
the scalar fields χ and ψ are related to the scalar fields
G and µ of the original paper [19] by
f(χ) =
χ2
2
=
1
G
, ψ = lnµ (A7)
also Vχ and Vψ are related to VG and Vµ by
Vχ =
VG
G3
Vψ =
Vµ
µ2
(A8)
In this theory, it has been assumed that
∂Vφ
∂∇γφα
= 0.
In other words, the covariant derivatives of φα do not
appear in Vφ.
The total energy-momentum tensor is given by
T totalµν = Tµν + T
φ
µν + T
χ
µν + T
ψ
µν + T
ω
µν (A9)
where
Tµν =
−2√−g
δSM
δgµν
TQµν =
−2√−g
δSQ
δgµν
(A10)
and Q can be φ, χ, ψ or ω. Using equations (A2)-(A6)
and (A10), one can easily verify
T φµν = ω
(
B αµ Bνα − gµν
(
1
4
BρσBρσ + Vφ
)
+ 2
∂Vφ
∂gµν
)
(A11)
T χµν = −
(
∇µχ∇νχ− gµν
(
1
2
∇αχ∇αχ− Vχ
))
(A12)
Tψµν = −f(χ)
(
∇µψ∇νψ − gµν
(
1
2
∇αψ∇αψ − Vψ
))
(A13)
Tωµν = −f(χ)
(
∇µω∇νω − gµν
(
1
2
∇αω∇αω − Vω
))
(A14)
Furthermore, variation of (A1) with respect to gµν , φα,
χ, ψ and ω yields to the following field equations respec-
tively
f(χ)Rµν −
1
2
f(χ)Rgµν = (∇µ∇ν − gµν)f(χ)+ 8piT totalµν
(A15)
ω∇µBαµ +∇µωBαµ + ω ∂Vφ
∂φα
= −Jα (A16)
χ+ V ′χ =
f ′(χ)
16pi
+
f ′(χ)
(
1
2
gµν(∇µψ∇νψ +∇µω∇νω)− (Vψ + Vω)
)
(A17)
f(χ)(ψ + V ′ψ) = −f ′(χ)∇γχ∇γψ − ω
∂Vφ
∂ψ
(A18)
f(χ)(ω + V ′ω) = −f ′(χ)∇γχ∇γω −
1
4
BρσBρσ − Vφ
(A19)
where prime stands for H ′(x) = dH
dx
and Jα is a ”fifth
force” matter current defined as
Jα = − 1√−g
δSM
δφα
(A20)
Taking the covariant divergence on both sides of equation
(A15) yields
∇µTµν =− f
′(χ)
16pi
R∇νχ− (∇µT φµν +∇µT χµν+
∇µTψµν +∇µTωµν)
(A21)
Note that on purely geometrical grounds, (∇µ −
∇µ)f = Rµν∇νf and ∇µGµν = 0, where f is an arbi-
trary scalar function and Gµν is the Einstein tensor. On
the other hand, taking the covariant divergence of equa-
tions (A11)-(A14) and using the field equations (A16)-
(A19), we find
∇µT φµν =BναJα −∇νω
(
1
4
BρσBρσ + Vφ
)
+
2∇µ
(
ω
∂Vφ
∂gµν
)
− ω∇νVφ + ωBνα ∂Vφ
∂φα
(A22)
∇µT χµν = −
f ′(χ)
16pi
R∇νχ−
f ′(χ)∇νχ
(
1
2
gαβ(∇αψ∇βψ +∇αω∇βω)− (Vψ + Vω)
)
(A23)
∇µTψµν = f ′(χ)
(
1
2
∇αψ∇αψ − Vψ
)
∇νχ+ ω∂Vφ
∂ψ
∇νψ
(A24)
∇µTωµν =f ′(χ)
(
1
2
∇αω∇αω − Vω
)
∇νχ+
(
1
4
BρσBρσ + Vφ
)
∇νω
(A25)
In equation (A22) we used the following equation
B αµ ∇µBνα −
1
4
∇ν(BρσBρσ) = 0 (A26)
Equation (A26) can be easily verified by using the defi-
nition of Bµν . Now substituting equations (A22)-(A25)
into equation (A21) we obtain
∇µTµν = BανJα +
(
ω∇αφν
∂Vφ
∂φα
− 2∇µ
(
ω
∂Vφ
∂gµν
))
(A27)
9On the other hand, taking the covariant divergence of
equation (A16) and assuming ∇αJα = 0, one gets
∇α
(
ω
∂Vφ
∂φα
)
= 0 (A28)
With the help of this equation we can rewrite (A27) as
∇µTµν = BανJα+∇µ
(
gµαωφν
∂Vφ
∂φα
− 2ω ∂Vφ
∂gµν
)
(A29)
Finally, we choose the following form for the potential Vφ
(see equation (20) in [19])
Vφ = −1
2
e2ψφαφα +W (φ) (A30)
where W (φ) is the vector field φα self-interaction contri-
bution. Substituting this potential into (A30) we get
∇µTµν = BανJα +∇µ
(
gµαωφν
∂W (φ)
∂φα
− 2ω∂W (φ)
∂gµν
)
(A31)
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